The main aim of this paper is a new determination of transverse momentum dependence of unpolarized fragmentation function (TMD FFs) in single inclusive hadron production in electron-positron annihilation (SIA) processes. Motivated by the need for a reliable and consistent determination of TMD FFs, we use the most recent TMD production cross sections of charged pions (π ± ), kaons (K ± ) and protons/antiprotons (p/p) measured in inclusive e + e − collisions by Belle Collaboration. These datasets are the first identified light charged hadron measurements which depend on the transverse momentum in SIA process. In this analysis, referred to as SK19 TMD FFs, the common Gaussian distribution is used for the P hT dependent of the cross section. The uncertainties in the extraction of SK19 TMD FFs are estimated using the standard "Hessian" technique. We study the quality of the TMD FFs determined in this analysis by comparing with the available recent Belle cross sections measurement. For all hadron species, we found a very good agreement between this particular set of experimental data and the corresponding theory calculations over a relatively wide range of transverse momentum P hT . As a result of this study, suggestions were identified for possible future research considering the theory improvements and other available experimental observables.
I. INTRODUCTION
Understanding the structure of hadron based on their fundamental particles, quarks and gluons, is gained substantial interest for the theoretical and experimental high energy physics communities. Mostly, the significant information on the hadron structure in terms of their constituents is provided from the high energy charged leptonnucleon ( N ) deep inelastic scattering (DIS) experiments at HERA collider for a wide kinematic range of momentum fraction x [1, 2]. In addition to the HERA experiment, the large hadron collider (LHC) is also providing valuable information in TeV scale hadron-hadron (pp) collisions.
The high energy particle physics community is preparing for the extensive precision at Run III of the LHC working with the luminosity a factor of five greater than the LHC [3] . The rich physics prospects is expected at the so-called High-Luminosity LHC (HL-LHC) [4] . The expected precision in HL-LHC have recently been discussed in detail considering physics within and beyond the Standard Model (SM) [5, 6] and Higgs physics [7] .
In QCD, a precise determination of the gluon and quark structure of the nucleon which entitled as the parton distribution functions (PDFs), is an essential ingredient for the theory predictions in DIS experiments at HERA and the hadron-hadron collisions at TEVATRON and LHC. In addition to the PDFs, the transverse momentum dependent parton distribution functions (TMD PDFs) and fragmentation functions (TMD FFs) are necessary ingredients for this aim and also became important * Maryam_Soleymaninia@ipm.ir † Hamzeh.Khanpour@cern.ch topics in high-energy spin physics. TMD PDFs describe the densities of quarks and gluons carrying the momentum fraction x of nucleon momentum by considering the spin and angular momentum properties. The TMD FFs provides deeper insight on the hadronization processes, where a hadron h carrying the momentum fraction z of the fragmenting parton and depends on the hadron's transverse momentum P hT . Semi Inclusive Deep Inelastic Scattering (SIDIS) processes are mostly used to study the TMD PDFs and TMD FFs in which they couple together in the physical observables [8] [9] [10] [11] [12] . One can find the most famous TMDs in SIDIS processes which called Sivers function [13, 14] and the Collins FFs [15] . The SIDIS process measurements to calculate the TMD effects are reported by the HERMES Collaboration [16, 17] at HERA, the COM-PASS Collaboration [18] at CERN, and the JLab HALL A high luminosity experiments [19] .
Another process which is commonly used to calculate the TMD FFs is single or double inclusive electron positron annihilations. As in the transverse-momentum integrated FFs, the cleanest process can be achieved in e + e − annihilation because there is no contribution from transverse dependence of PDFs. Belle, BABAR and BESIII Collaborations have reported the azimuthal angular asymmetries of two hadron productions in electron positron annihilation processes (e + e − → h 1 h 2 X) at √ s = 10.52 GeV, √ s = 10.6 GeV and √ s = 3.65 GeV, respectively [20] [21] [22] [23] . Recently, the BABAR Collaboration at SLAC has published the measurements which can be used to extract the polarized TMD FFs [22, 24] . Due to the lack of the experimental information for the case of unpolarized TMD FFs, they can not well determined.
Some old datasets for single unidentified light charged hadron productions in electron-positron annihilation have been presented in TASSO collaboration [25, 26] .
Most recently, these datasets have been included by a theoretical collaboration and they have extracted the TMD FFs into the unidentified light charged hadrons in single inclusive electron positron annihilation (SIA) [27] . Thanks to the Belle collaboration which has provided the first measurements of the production unpolarized cross sections of pions, kaons, as well as protons in SIA processes at 10.58 GeV at B-factories [28] . These observables are as a function of three variables: the parton fractional energy carried by hadron z, the event-shape variable called thrust T , and the hadron transverse momentum with respect to the thrust axis [28] . These measurements can be used for studying the transverse momentum dependent of unpolarized single hadron FFs D(z, P hT , Q) and also obtaining a better theoretical predictions for the various TMDs in transverse spin asymmetries in SIDIS, electron-positron annihilation and protonproton collisions.
Motivated by this need for a reliable and consistent determination of transverse momentum dependent of unpolarized fragmentation functions (TMD FFs) into pion, kaon and proton and their uncertainties, we present in this work a first TMD FFs analysis, entitled SK19 TMD FFs, based on the most recent Belle measurements in single production of these three identified light charged hadrons in electron positron annihilation processes [28] . We will present an interesting results from Gaussian parametrization of the TMD FFs in which the parametrizations depend on both momentum fraction z and transverse momentum P hT . We show that an accurate predictions can be obtained considering the features of TMD factorization and evolution in the nonperturbative QCD. The SK19 TMD FFs sets are constructed following the general fitting methodology outlined in previous SGK FFs studies [29, 30] , which utilizes "Hessian" techniques to obtain a faithful estimate of TMD FFs uncertainties. Together with several other improvements, we present a validation of the SK19 TMD FFs results through detailed comparison with the analyzed datasets. We show that the theory predictions based on SK19 TMD FFs are in agreement with the Belle measurements over the wide range of z and P hT .
The outline of this paper is as follows: In Sec. II we introduce in details the recent Belle Collaboration datasets for pion, kaon and proton in SIA and different kinematical cuts for the various hadrons. Then, in Sec. III, we discuss the theoretical framework for the collinear of single-hadron production in electron-positron annihilation along with TMD factorization. Sec. IV contains a detailed discussions of our parametrization for the TMD part of the pion, kaon and proton FFs. The description of the fitting strategy, including the minimization procedure, the choice of parametrization and the estimation of uncertainties associated with the TMD FFS is presented in this section. The obtained results are clearly discussed for various hadrons and our theory predictions based on the extracted pion, kaon and proton TMD FFs are compared with the Belle cross section data. Lastly, we conclude with a summary in Sec.VI.
II. EXPERIMENTAL DATA
Very recently Belle Collaboration at KEKB has published the measurements of the single production cross sections (d 3 σ/dzdP hT dT ) of charged pion, kaon and proton/antiproton as a function of hadron fractional energy z, the event-shape variable (Thrust) and the transverse momentum P hT at the center-of-mass energy of √ s = 10.58 GeV [28] . The thrust variable, T , is related to the thrust axisn. Experimentally, the datasets depended on the transverse momentum are calculated relative to the thrust axisn and the event-shape variable thrust T is the maximum of the following equation
The P CMS h denotes the momentum of hadron h in the center-of-mass energy framework (CMS). Hence, the datasets in this experiment are presented in the bins of the thrust value, T . Since in QCD analysis we need the differential cross section as a function of z and P hT , we combined and summed the individual differential cross sections with different thrust bins as the total ones. Overall, the data we consider are integrated over T .
The Belle Collaboration at KEKB has reported the hadron cross sections for charged pion, kaon and proton/antiproton at 18 equidistant z bins in [0.1 -1.0] region, 20 equidistant P hT bins in [0.0 -2.5] region and 6 thrust bins with 0.5, 0.7, 0.8, 0.85, 0.9, 0.95 and 1 boundaries. Due to the large uncertainties associated with the differential cross sections at large z regions, we exclude some of high-z data points from our TMD FFs QCD analysis. Moreover, since the low values of z can not be applicable for factorization theorem and in order to get the reliable fits, the kinematical cuts on small z region are also imposed to the datasets. The kinematical cuts on z are different for various hadrons analyzed in this study. The details of the kinematical cut applied on the datasets are reported in Table. I as well.
According to the factorization theorem the differential cross section which depends on the fractional energy z and transverse momentum P hT is written as follows,
while L µν is the leptonic tensor and W Generally speaking, in some certain regions with P hT ∼ 2 GeV, the collinear contributions in the cross section are more than TMD contributions, while for the kinematical region of P hT < 1 GeV the TMD term has the largest contribution in the cross section. In addition, one could try to perform an analysis in the nonperturbative evolution region, and hence, for this purpose the P hT should be restricted to the P hT < 1 GeV. We follow this assumption to perform our QCD analysis. We should mentioned here that the uncertainties of observables for the individual z bins increase for the high-P hT value. Hence, we exclude the experimental data with P hT > 1 GeV for the charged pion fit while the range of data analyzed for the charged kaon and proton/antiproton are tighter that pion due to this fact that the corresponding observable uncertainties are larger than the case of charged pion.
In order to finalize the maximum cut on P hT , the sensitivity of χ 2 to the variations of P hT < P max hT is investigated for the TMD dependence of SIA data from Belle Collaboration. We scan the P hT region of 0.3 < P max hT < 1.1 GeV for the pion, kaon and proton TMD FFs analyses. Considering these χ 2 scan, our TMD FFs fits are presented for each different P hT < P max hT cut. In Fig. 1 , the dependence of χ 2 /dof to the maximum cut value of P hT has been presented for pion, kaon and proton/antiproton. As one can conclude from the figure, the best χ 2 /dof value for the pion is related to fit to the data with P max hT = 1 GeV. One can see that, there is no further improvement on the χ 2 /dof for the values larger than P max hT > 1 GeV. Our investigations for the P max hT dependence for the kaon and proton/antiproton reflect different findings. As one can see from Fig. 1 , the best high-P hT cut for the kaon and proton need to be taken as P max hT = 0.8 GeV. The summary of our final data selection considering the z and P hT kinematical cuts applied for various hadrons are presented in Table. I. The second and third columns of this table show our choice of z and P hT , respectively. In the fourth column of this table, the number of data points for every hadron is presented. Finally, we reported the χ 2 /dof determined from the fits of pion, kaon and proton/antiproton, respectively. The details of our TMD FFs parametrization and fitting methodology to calculate the TMD FFs for light hadrons and χ 2 are discussed in next sections.
III. FACTORIZATION FRAMEWORK AND TMD FFS
According to the TMD-factorization, the differential cross section for e + e − → hX process, which there is one observed hadron at the final state, can be determined considering the following equation [27] ,
which is expressed at the leading order (α s ), and Q in Eq. (3) is the hard scale of the process. The total inclusive cross section σ tot at leading order is given by,
It should be note here that, in order to give more flexibility to the TMD distributions, we defined an appropriate normalization parameter N . This normalization parameter will be calculated from the fit. Then we keep it fixed on it's best fit value in the final minimization to calculate the free parameters of TMD fragmentation function. The sum is over all quark and anti-quark flavors and hence the gluon does not have contribution at this accuracy. We refer the reader to Ref. [31, 32] for the detailed discussions. The TMD fragmentation function can be expressed considering two terms. The first term is the unpolarized collinear FF D h q (z, Q 2 ) and the second term corresponds to the TMD dependent h(P hT ) which is not dependent on the scale of energy and also the flavor. Consequently, the TMD FFs can be given by,
Over the past decades, many studies are performed for the determination of unpolarized FFs by including experimental data from different processes such as SIA, SIDIS and hadron-hadron collisions. The most recent calculations for the unpolarized FFs for various hadrons and at different QCD accuracies can be found in Refs. [29, 30, [33] [34] [35] [36] [37] [38] [39] [40] . For the unpolarized FFs in Eq. (5), we use the most recent analysis of pion, kaon and proton FFs by NNFF1.0 Collaboration [34] . It should be noted here that the h(P hT ) in Eq.(5) only depends on the P hT .
As we mentioned earlier, our theory calculations are limited to the LO perturbative QCD. The NNFF1.0 Collaboration determined the unpolarized FFs for charged pion, kaon and proton/antiproton data by including SIA experimental data up to the NNLO accuracy. For the purpose of our QCD analysis, we use the LO FFs from NNFF1.0 Collaboration. In the next section, the SK19 TMD FFs parametrization for the D h q (z, P hT , Q 2 ), the fitting methodology and the minimization process will be discussed in details.
IV. FITTING METHODOLOGY AND SK19 TMD FFS PARAMETRIZATION
In this section, we describe the fitting methodology and SK19 TMD FFs parametrization applied in this analysis for the determination of TMD of charged pion, kaon and proton. The methodology presented here follows from the standard QCD analyses, however a number of improvements have been implemented in this work.
First, we discuss the details of the analysis, together with the framework that need to be considered in order to deal with the determination of the TMD FFs, such as the parameterization of the TMD FFs at the input scale. Then, following the SGK-FFs methodology [29, 30] , we present the method of the minimization and the uncertainties associated with the TMD FFs which are estimated using the standard Hessian approach. Now we are in a position to present the SK19 TMD FFs parametrization form for the phenomenological study of the transverse momentum distributions. Following the analyses of Refs. [27, 41, 42] we use the Gaussian form which is the most commonly parametrization for TMD FFs and widely used in the QCD analysis of Drell-Yan, SIDIS and also SIA processes,
Since the SIA datasets published by Belle experimental depend on the z parameter other than the transverse momentum, a z-dependent of P hT 2 may be appropriate. Then we define the following functional form,
which α, β, γ and δ are the free parameters and need to be determined from QCD fit to the Belle experimental data.
The small and large region of momentum fraction z, will be controlled by the parameters γ and δ, respectively. Accordingly, there are 5 unknown parameters including normalization factor N which provide enough flexibility to have a reliable fit. We start now by briefly reviewing the standard minimization procedure. To determine the best fit in our TMD FFs analysis, one needs to minimize the χ 2 function with the free unknown parameters presented in Eq. (7) together with the normalization factor N in Eq. (3). Likewise all QCD analysis, the χ 2 (p) quantifies the goodness of the fit to the datasets for a set of independent parameters p that specifies the TMD FFs at the input scale, Q 0 = 5 GeV. This standard χ 2 (p) function is expressed as,
In above χ 2 n (p) function, E, T and ∆(E i ) indicate the experimental measurement, the theoretical value for the i th data point, and the experimental uncertainty (statistical and systematic combined in quadrature), respectively. In our TMD FFs analysis, the minimization of the above χ 2 (p) function has been done using the CERN program library MINUIT [43] . The normalization factor N appears as free parameters in the fit. It is determined simultaneously with the fit parameters of the functional forms of Eq. (7) and then keep fixed at it's best fit value. In our analysis, we find the normalization factor N provides additional flexibility to achieve a good description of data.
The results of our fit are shown in Table. II for charged pion, kaon and proton/antiproton separately. We start to determine all shape parameters of Eq. (7) for the TMD FFs of π ± , K ± and pp from fit to Belle datasets. We find that in the absence of not sufficiently enough data to constrain the β parameter for the π ± and p/p reasonably directly, we prefer to fix these parameters to the value of 1.0.
For calculating the uncertainties of the TMD FFs, we follow our previous analyses and use the standard "Hessian" method [44] [45] [46] [47] [48] with ∆χ 2 = 1 at 68% confidence level (CL). Further details can be found in Refs. [29, 30] .
With the agreement between the Belle datasets and our theory established, we are in a position now to present the main results and findings of the SK19 TMD FFs QCD analysis in the next section.
V. RESULTS
In this section, we present the main results and findings of our analysis, namely the SK19 sets of TMD FFs. We first assess the quality of our QCD fit which is followed by detailed discussions of the main features of SK19 TMD FFs and comparing the resulting theory predictions with the Belle experimental data. Before moving forward, it is practical to illustrate qualitatively the expected finding for our TMD FFs analysis.
To this end, we use the unpolarized TMD FFs for pion and kaon as well as proton determined in this analysis and calculate the theoretical predictions. In Figs. 2, 3 and 4, the differential cross section datasets from Belle Collaboration as a function of transverse momentum P hT for pion, kaon and proton from SIA process are shown. These datasets are the most recent measurement from Belle Collaboration [28] . The measured cross section presented in these figures depend also on the z parameter which are indicated in different bins in the figures.
The scale of energy in this determination by Belle experiment is fix for all hadron species which is equal to 10.58 GeV. At the level of individual datasets for each hadron spices, we find in most cases a good agreement between the theory calculations and the corresponding experimental measurements. However, the results for every hadron spices need some more discussion.
We start our discussion with the pion TMD FFs. As we mentioned in Table. I, in our analysis and for the case of pion TMD FFs, we exclude the datasets for z < 0.225 and z > 0.725 and also P hT > 1 GeV. Hence, the theory prediction for the pion as shown in Fig. 2 are restricted to these z and P hT kinematical cuts. As expected by the χ 2 /dof values listed in Table. I for the pion analysis, the experimental measurements agree well with the theory predictions computed using the SK19 TMD FF sets. The agreement between data and theory are excellent for the smaller values of P hT and for the higher values, namely P hT ∼ 1 GeV, one can see a very small shift for our theory predictions. However, this treatment do not significantly affect our conclusion on the fit quality of pion TMD FFs analysis. Fig. 3 presents the comparison between kaon experimental data and full lines of the Gaussian fits. Like the case of pion fit, a similar argument can be made for the kaon TMD FFs fit. From χ 2 /dof values listed in Table. I, one expect an excellent fit to the data. Our kaon fit are restricted to P hT < 0.8 GeV. Here, the lack of agreement between theory predictions and the data can be traced only to the high-z bins, 0.6 < z < 0.65, and high-P hT , P hT ∼ 0.68 GeV, regions of the theory predictions.
Our results for the proton/antiproton as a function of P hT and for different bins of z are shown in Fig. 4 . Agreement between the theory predictions and proton/antiproton data points is a little poor than kaon and pion TMD FFs fits. As a last point, we should mentioned here that the kinematical cuts for the kaon and proton/antiproton are tighter than for the case of pion.
With the agreement between data and theory predictions established, we present now the results for the SK19 TMD FFs fits for the pion, kaon and proton/antiproton analyses along with their uncertainties. In order to present our results for the h(P hT ) distributions and discuss their shape for the different range of momentum fraction z, in Fig. 5 we present h(P hT ) as a function of z for a fixed value of P hT = 0.6 GeV and at our input scale. These plots are correspond to the pion, kaon and proton/antiproton TMD FFs, respectively with their 1-σ uncertainty at 68% CL.
To conclude our discussions of the main properties of the SK19 TMD FFs fits, we discuss in more details the shape and uncertainty bands of the extracted TMD FFs. In terms of central values, we can see that all distributions show a Gaussian shape which pick at z ∼ 0.6. The regions where the differences between these TMD FFs are the largest correspond to the small values of z. The proton/antiproton TMD FFs shows a fixed pattern for the small values of z and the kaon TMD FFs goes to zero at this region. Another differences between these distributions concerns the size of the TMD FFs uncertainty bands. We find that the proton/antiproton and pion TMD FFs fits lead to a slight decrease in uncertainties.
In order to illustrate the effects arising from the use of TMD datasets from Belle collaboration for π ± , K ± and p/p hadrons in our analysis, in the last column of Table. I presented in section II, we show the χ 2 /dof for each light hadrons. The value of χ 2 /dof clearly illustrate our fit quality for all hadrons individually. Considering the χ 2 /dof and at the level of individual light hadrons datasets, we find in most cases a good agreement between the experimental measurements from Belle experiment and the corresponding theory calculations. For the π ± and K ± , one can see a better fit quality that the p/p. Moreover, we find that the fit quality is quite similar for the case of π ± and K ± . As a short summary, our results and the apparent fit quality shown by excellent χ 2 values (see Table. I), suggests that the SK19 TMD FFs QCD fits considering the Gaussian function can be used as a universal functions in different hadronization processes specially for SIDIS process.
VI. SUMMARY AND CONCLUSIONS
Very recently, Belle Collaboration at KEK has published the first measurements on e + e − → hX differential cross sections in both z and P hT space for charged pion, kaon and proton/antiproton [28] . Previously, there was no dataset on the transverse momentum dependence of the cross sections or multiplicities for extraction of the unpolarized TMD FFs for identified light hadrons. However, over the last few years, the measurements of the Collins asymmetries in e + e − → h 1 h 2 X are performed by Belle and BABAR Collaborations, and hence, several dedicated analyses are used these datasets to calculate the polarized TMD FFs. These very recent Belle datasets are the only available observables in SIA process which can be used, for the first time, to determine the unpolarized TMD FFs for pin, kaon and proton from QCD fits. These new measurements could provide enough constrains on the energy fraction z of the fragmentation process.
In this paper, we have presented SK19 TMD FFs, the first determination of TMD FFs from a QCD analysis of very recent measurements of e + e − → hX differential cross sections for charged pion, kaon and proton/antiproton by Belle Collaboration at KEK. With rapid improvements in the cross section measurements of SIA process, the focus of the QCD analysis should be shifted toward providing accurate determination of TMD FFs in the wide range of z and P hT . In the current study, according to a simple partonic picture, we assume that the cross section is factorized, and hence, the TMD FFs can be expressed considering the unpolarized collinear FF D h q (z, Q 2 ) and a new term which depends on the h(P hT ). On the theory side, we have introduced a very flexible parameterization to better capture the variations in the P hT dependence of TMD FFs. We have assumed a Gaussian form for the TMD FFs. For the collinear FFs in our parameterization, we have used the most recent FFs of pion, kaon and proton/antiproton from NNFF1.0 Collaboration.
A series of benchmark tests on kinematical cuts on the z and P hT for various hadrons have been carried out, and the cuts resulted to the better fit agreement between the data and theory have been selected. We have shown that our Gaussian parametrization can successfully describe the data up to P hT ∼ 1 for pion, and P hT ∼ 0.8 for the kaon and proton/antiproton. We examined the TMD FFs errors considering the "Hessian" approach.
As a final point, we should highlight again that, this research provides the first extensive extraction of TMD FFs of pion, Kaon and proton/antiproton from QCD fit to the most recent differential cross sections measurements of e + e − → hX from Belle Collaboration at KEK [28] . This first determination of unpolarized TMD FFs, reflects the importance and originality of this study and it is of great significance as it marks the first attempt to use the Belle measurements on e + e − → hX. In terms of directions for the future research, further work could be performed by considering the effect arising from the higher order correction. This analysis is restricted to the electron-positron annihilation processes, and hence, another possible area of future research would be to investigate the effect of another source of information on the TMD FFs which mainly come from the SIDIS processes. In terms of future work, it would be interesting to repeat the analysis described here considering the men- tioned improvements. These are a number of important improvement which need to be taken into account and we plan to revisit our analysis in the near future. Parameterization for the sets of SK19 TMD FFs presented in this work are available in the standard LHAPDF format [49] from the author upon request. 
